In this paper, we provide a closed-form approximation of the full-duplex simultaneous wireless information and power transfer (SWIPT) multi-user MIMO (MU-MIMO) system signal-to-interference-and-noise ratio (SINR) distributions for the received signal at the sensor nodes (SNs) with perfect and imperfect channel state information (CSI) and transmit antenna selection scheme at the transmitter. We also studied the SINR distributions of the uplink with Zero-Forcing beamforming (ZFBF) and antenna selection at the aggregator (AGG). The downlink SINR with perfect and imperfect CSI are modeled by multivariate Beta type II distributions and the uplink with perfect and imperfect CSI are modeled with multivariate Wishart distributions. We compared the proposed analytical results to the Monte-Carlo simulations and we obtained a perfect match.
I. INTRODUCTION
Recently, simultaneous wireless information and power transfer (SWIPT) multi user-multiple input multiple output (MU-MIMO) has become a promising technology in wireless communication systems due to its application in the shortrange in-body and out-body wireless sensor networks. However, a particular challenge in implementing these methods is how to define and evaluate the outage performance and the ergodic capacity of the system. To this end deriving a simple closed-form signal-to-interference-plus-noise ratio (SINR) distribution is essential. Since the introduction MU-MIMO, many works have been pursued to derive a closedform approximation of the outage capacity where the emphasis is on how to avoid the interference of the MU-MIMO network.
The closed-form expressions for probability density function (PDF) of the maximum eigenvalue of a product of multivariate independent complex Gaussian in single user MIMO Channels is derived in [1] . Authors in [2] proposed a closedform model for the distributions of constrained signal-tonoise ratio (SNR) in MIMO under imperfect channel state information (CSI) at the transmitter. The work in [3] studied the MU-MIMO fading broadcast channel and the achievable ergodic capacity is determined when CSI is obtained at the receivers and it is delivered to the transmitter. Furthermore, Zero-Forcing beamforming (ZFBF) is also has become a promising beamforming technique due to the performance in the imperfect channel knowledge availability compared to the This work was partially supported by the UK Engineering and Physical Sciences Research Council (EPSRC) grant numbers EP/P022723/1 and EP/P003486/1. matched filter (MF), block diagonalization (BD) and singular value decomposition (SVD) beamforming techniques. SINR distribution of the uplink MIMO systems with ZFBM with perfect and imperfect CSI is calculated in [4] . Generalized Selection Criterion performance evaluation of ZF-Precoded MU-MIMO also studied in [5] . In this work, the SNR distribution is calculated to evaluate the ergodic sum-rate of MU-MIMO. Even though the MU-MIMO SNR distribution is derived in the previous work, they have neglected the inter-cell interference, antenna selection and energy harvesting performance and little attention have been paid to performance analysis of SWIPT MU-MIMO. Thus, we propose a closed-form approximation of the downlink SWIPT MU-MIMO and uplink MU-MIMO with Zero Forcing precoded with received antenna selection system SINR using random matrices. In this work, we investigate the problem in an In-band full duplex (IBFD) SWIPT MU-MIMO system. Our objective is to derive a closed-form distribution of the SINR in the present of the beamforming, energy harvesting and antenna selection.
The rest of this work is as follows. The system model is given in Section II. SINR distributions of the downlink SWIPT MU-MIMO for perfect and imperfect CSI are presented in section III and in Section IV the SINR distributions of uplink MU-MIMO with antenna selection and ZF beamforming are presented. Finally, simulation results and the conclusion are discussed in Section V and Section VI.
Notation: We use the following notations throughout this paper; bold upper case and lower case letters are used for matrices and vectors respectively, while small normal letters are kept for scalars. X * , X −1 , X † , Tr(X), X H , and X 1/2 , are used to denote the complex conjugate, transpose, inverse, pseudo-inverse, trace, Hermitiant and the square-root of X respectively. I and O denote an identity matrix and an allzero matrix, respectively, with appropriate dimensions; C x×y denotes the space of x × y matrices with complex entries; x denotes the Euclidean norm of a vector x; the (i, j) element of X is denoted as [X] i, j .
II. SYSTEM MODEL
We consider a bidirectional FD multi-user MIMO system where K sensor node (SN) indexed with k ∈ K {1, 2, ..., K} and each sensor is equipped with N U antennas communicate with an AGG equipped with N T and N R transmit and receive antennas respectively, where similarly indexed with n t ∈ N T {1, 2, ..., N T } and n r ∈ N R {1, 2, ..., N R }. Without loss of generality, we Assume equal number of transmit and receive antennas at the AGG and the SUs' are equipped with small number of antennas compared to the AGG, i.e. N T = N R N U . The AGG is connected to a constant power supply. Uncorrelated antennas are assumed at the AGG. The SNs are energy limited devices and harvest their energy from transmitted signal by the AGG. SNs can split the received signal by using power splinter into two different energy harvesting (EH) and information detection (ID) elements. The power splitting (PS) ratio of the SN for the EH and ID elements are denoted by ρ and 1 − ρ respectively. SNs are also equipped with a limited capacity rechargeable battery that store the harvested energy. The transmitted signal by k th SN is given as,
where x u k is the transmitted signal, w u k ∈ C N U ×1 is the beamforming vector and s u k ∈ C and E[|s u k | 2 ] = 1 is the transmitted information symbol. In this section we consider a perfect channel knowledge flat fading channel at the AGG. Therefore the received signal at the AGG can be modeled as,
where p u is the uplink maximum average transmit power, H k ∈ C N r ×N u denotes the channel matrix between the k th SN and AGG. Downlink transmit power is denoted as p d , and w d is the downlink precoding matrix. G d ∈ C N r ×N t is the self-interference (IS) noise at the AGG, N r , N t and N u are the number of receive and transmit antenna at the AGG and the number of FD antennas at the user respectively. s d is the downlink symbol vector, and n u ∈ C N r ×N t is the additive Whit Gaussian noise (AWGN) at the AGG. To be able to reduce the computational complexity and also to reduce the energy consumption at the AGG with large number of receive antenna arrays, we use the antenna selection in the AGG. We select N s antennas out of total N r receive antennas in a way that N s N r . This is mathematically applied by the use of the diagonal antenna selection matrix
Therefor the related received signal will be denoted as
We denote V u k n u k = n u k,s , therefore the received SINR in the AGG can be expressed as eq.4 where γ u k,s is the matrix of all antennas SINR elements.
The eq. 3 can be rearranged as,
whereH
are the uplink and downlink interference coefficient respectively.
To derive the received signal distribution at the AGG, we first assume that the transmit matrix is fixed, and then the zero-forcing (ZF) processing technique is used for the data reception at AGG. The ZF is a standard method widely implemented in the massive MIMO processing systems [6, 7] .
where we define Z k = I d k 0 . For multi user uplink FD MIMO system with perfect CSI and adopting ZF beamforming U z f k , the processed SINR follows an N r × N r complex central Wishart distribution with identity covariance matrix of the rank(U u k H k ) = d k , and 2N u degree of freedom. By applying the ZF beamforming to eq.3 the k th user received signal changes to,
and the k th user received SINR matrix at eq.4 will be,
we
From [8] we have,
since multiplication of (H H kH k ) −1 by Z k and Z H k only keeps the d k row and columns respectively, the
is the projection matrix of the rank d k . Since , H k ∈ C N r ×N u is a complex Gaussian random vector with zero mean and unit variance, H H k H k follows a central Wishart distribution with I N r covariance matrix and 2N r degree of freedom. Therefore, considering (
distributed as Wishart distribution with I d k covariance matrix and 2N r degrees of freedom. Therefore, according to [9] (theorem 3.3.11), SINR has a multivariate Wishart distribution with η u k H I d k η u k covariance matrix and 2N r degrees of freedoms,
where Γ(.) is a multivariate gamma function and (N r − N u − 1) 0 with regard to Lebesque measure of positive definite cone.
A. Imperfect channel knowledge at the AGG In the realistic wireless communication system, due to the feedback delays and/or estimation error, actual channel is different from estimated channel and can be modeled as,
whereĤ k ∼ C N (0, I) is the imperfect estimated channel with zero mean and unit variance at the AGG and ∆ k ∼ C N (0, I) is the estimated channel Gaussian noise at AGG. The received signal at the AGG after applying the antenna selection is denoted as,
whereȞ
Similar to the eq.8, the ZF beamforming equalizer at the AGG receiver can be expressed as,Ǔ z f
For multi user uplink FD MIMO system with imperfect CSI at AGG and adopting ZF beamformingǓ z f k , the processed SINR distribution is as follows:
where
The post-processing received signal at the AGG after applying the 15 ZF beamforming is given by,
Therefore the post-processing received SINR at the AGG for the k th user is given in eq.5.
From [10] (21.6), we have
where Θ is the ∆ variance matrix and P = E((s u ) H s u ). Since ∆ is i.i.d with zero-mean and unit-variance elements, eq.5 can be simplified as eq.19. It can be more simplified to,
Therefore, similar to the perfect CSI case (
as Wishart distribution with I d k covariance matrix and 2N r degrees of freedom and also from [9] (theorem 3.3.11) the received SINR distribution have also have a Wishart distribution with η H k I d k η k covariance and 2N r degrees of freedom given in eq. 16.
III. DOWNLINK SWIPT MU-MIMO A. Downlink with perfect CSI
We assume that each SN antenna is equipped with a PS device that coordinates energy harvesting and the information decoding from the received signal. Therefore the received information signal element is denoted as,
where F k ∈ C N u ×N t denotes the channel matrix between the AGG and the k th SU. w u is the SUs' uplink beamforming matrix, and G u ∈ C K×N u is the self-interference (IS) noise at the SUs. s u is the uplink symbol vector, and n d k ∈ C N u ×N t is the additive Whit Gaussian noise (AWGN) at the k th SU, n s k is the power split processing noise at the k th SU. By assuming that full CSI is available at the AGG, the received SINR matrix for all antennas at k th SN is given in eq. (21). Here ρ ∈ (0, 1] is the energy conversion efficiency of the SN energy harvesting. Corollary 1. Assuming X is a multivariate Gaussian distribution matrix as N d (µ i , σ) then X H QX has a Wishart distribution denoted as X H QX ≈ W d (r, σ, δ), where Q is
a symmetric d × d matrix and i ∈ r is the number of the independent collumn s of X H , and
For multi user downlink FD MIMO system with perfect CSI and the processed SINR follows a matrix variate Beta type II distribution with parameters (N1, N2) and defined as,
and Γ N u (x) is the multivariate Gamma function given as,
For simplicity we denote the received SINR of MU-MIMO with energy harvesting for k th user at eq.21 as γ d k = Φ Ψ and σ ρ p d . Since , F k ∈ C N u ×N t is a complex Gaussian random vector with zero mean and unit variance, F H k F k follows a central Wishart distribution with I q k covariance matrix and 2N t degree of freedom as, Therefore, considering
as Wishart distribution with I q k covariance matrix and 2N t degrees of freedom. Therefore, Φ has a central multivariate matrix Wishart distribution with I q k covariance matrix and 2N t degrees of freedom as follows,
where W x (y, z) is a central multivariate Wishart distribution. Furthermore, the the first term of Ψ in eq.21, is a sum of central Wishart distribution with similar identity covariance matrices can be simplified as follow,
where W l i ∼ W N t (2N t , I qk ) has a multivariate Wishart distribution with I q k covariance matrix and 2N u degrees of freedom. In general, if the covariance matrices are linear proportional to identity matrix, then the sum of Wishart random variable follows a semi-correlated Wishart distribution [11] . However if the covariance matrices are not proportional to the identity matrix, then deriving the sum of Wishart distribution is nontrivial [12] . The second term also is a Wishart distribution as follow,
Therefore, the sum of two wighted central Wishart random variable where approximation for the distribution can be obtained as follows,
where, η s =
and W q ∼ W N u (N s , I qk ) with the following degree of freedom,
with the following degree of freedom,
According to the definition of Φ and Ψ, Olkin in [11] show that if the Ψ 1/2 is selected as a symmetric square root of Ψ and also if the covariance matrices of Φ and Ψ, are proportional to identity matrix then we have the relationship among them as
From [9] ,
distributed as a multivariate Betta type II distribution. By invoking the first and second moment, the distribution of γ d k ∼ B II N t (N1, N2) , where N1 and N2 are the degrees of freedom given as follows,
and the pdf of the distribution is given in eq. 25.
B. Downlink with imperfect CSI
Similar to the uplink case, the actual and the estimated channel are defined as,
where similarly,F k ∼ C N (0, I) is the downlink imperfect estimated channel with zero mean and unit variance and ∆ d k ∼ C N (0, I) is the estimated downlink channel Gaussian noise. The received information signal at the k th SN will be as follows,
Similar to the perfect CSI case the received ID and EH signal elements can be derived with the power split factor. For multi user downlink FD MIMO system with imperfect CSI and the processed SINR follows a matrix variate Beta type II distribution with parameters (a, b) and defined as,
For simplicity we denote the received SINR of MU-MIMO with energy harvesting for k th user at eq.22 as γ d k =Φ Ψ andσ
Therefore,Φ k has a central multivariate matrix Wishart distribution with Iq k covariance matrix and 2N t degrees of freedom as follows,
where W x (y, z) is a central multivariate Wishart distribution. Furthermore, the the first term ofΨ in eq.22, is a sum of central Wishart distribution with similar identity covariance matrices can be simplified as follow,
where,η v =η
Similar to the perfect CSI case, we have,
and the pdf of the distribution is given in eq. 39.
IV. SIMULATION RESULTS
In this section, we study the performance of the proposed closed-form approximation of the SINR of the downlink SWIPT-MIMO with antenna selection and the uplink MU-MIMO with ZFBF. we assume that the number of receive and transmit antennas at the AGG is equal and larger than the number of SUs. The total bandwidth is 10 MHz. We also consider 3 SNs facilitated with 2 transceiver antennas. The channel uncertainty is considered as α = 0.2. The power split factor is assumed to be ρ = 0.3 and the power efficiency at the EH unit is ρ = 40% for all SNs and the harvested energy is stored in a 3.2 v 20Ah battery. Fig. 1 and Fig. 2 show the empirical data and chi-square distribution as a simplified form of the proposed Wishart distribution for a different number of receive antennas for perfect an imperfect CSI. Note that the number of received antennas increases, the distributions pd f moves to the higher SINR region and the estimation becomes more accurate. Fig. 3 and Fig. 4 show the empirical data and Beta distribution of type II as a simplified form of the proposed multivariate Beta distribution of type II for a different number of receive antennas of the downlink SWIPT MU-MIMO with antenna selection for perfect an imperfect CSI. Numerical results show that the proposed closed-form approximation offers a perfect match with the empirical data in a wide range of the number of antennas.
V. CONCLUSION
In this paper new closed-form distributions of the downink SINR at the sensor nodes for the full-duplex SWIPT MU-MIMO system with perfect and imperfect CSI is proposed. SINR distributions of the uplink senario with ZFBF and antenna selection at the AGG receiver also studied. The downlink SINR with perfect and imperfect CSI are modeled by multivariate Beta type II distributions and the uplink SINR with perfect and imperfect CSI are modeled with multivariate Wishart distributions. The proposed SINR distributions analytical results are compared to the Monte-Carlo simulations and we obtained a perfect match.
